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Abstract 

We study the Drinfeld-Sokolov hierarchies of type An associated 
with the regular conjugacy classes of W(A n ). A class of fourth order 
Painleve systems is derived from them by similarity reductions. 



1 Introduction 

Three types of fourth order Painleve type ordinary differential equations have 
been studied |FSl INYll [S]. They are extensions of the Painleve equations 
Pji, . . . , Pyi and expressed as Hamiltonian systems 

„ , x m dq { dH x ™ ] dpi dH x * } , ^ . 
. _zi _ ^ _Li — (2 = 1,2), 

dt dpt ' dt dqi 
with the Coupled Hamiltonians 

H A * = Hiy(q l ,p 1 ;a 2 ,a 1 ) + Hi V (q 2 ,p 2 ; a 4 , «i + a 3 ) + 2q 1 p x p 2 , 

tH A s } = H v (q 1 ,p 1 ;a 2 ,a 1 ,a 1 + a 3 ) 

+ H Y (q 2 ,p 2 ;a 4 ,a 1 + a 3 ,a 1 + a 3 ) + 2q 1 p 1 (q 2 - l)p 2 , 

D (i) 

t(t-l)H 6 = f7vi(9i,Pi;ao,a 3 + ac 5 ,a 3 + oc^a 2 {a 1 + a 2 )) 

+ H Y i(q 2 ,p 2 ; a + a 3 , a 5 , a 6 , a 4 (ai + 2a 2 + a 3 + a 4 )) 
+ 2(gi - t)p 1 q 2 {(q 2 - l)p 2 + a 4 }, 
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Lie algebra Partition Painleve system 



A? 


(2) 


Pn 




(1,1) 


Pw 


A? 


(3) 


Pw 




(2,1) 


Pv 




(1,1,1) 


Pvi 


A? 


(4) 


Pv 


Af } 


(5) 




A? 


(6) 





Table 1: Relation between An -hierarchies and Painleve systems 

where 

H w (q,p; a, b) = qp(p - q - t) - aq - bp, 
H y (q,p; a, b, c) = q(q - l)p(p + t) + atq + bp - cqp, 
Hyi(q,p; a, b, c, d) = q(q - l)(g - t)p 2 - {(a - l)q(q - 1) 
+ bq(q — t) + c(q — l)(q — t)}p + dq. 

But complete classification of fourth order Painleve systems is not achieved, 
so that the existence of unknown ones is expected. In this article, we derive a 
class of fourth order Painleve systems from the Drinfeld-Sokolov hierarchies 
of type An by similarity reductions. 

The Drinfeld-Sokolov hierarchies are extensions of the KdV (or mKdV) 
hierarchy for the affine Lie algebras |DS] . For type An , they imply several 
Painleve systems by similarity reductions |ASl IKIK1 IKKll IKK21 INYlj ; see 
Table 1. Such fact clarifies the origines of several properties of the Painleve 
systems, Lax pairs, affine Weyl group symmetries and particular solutions in 
terms of the Schur polynomials. 

The Drinfeld-Sokolov hierarchies are characterized by the Heisenberg sub- 
algebras, that is maximal nilpotent subalgebras, of the affine Lie algebras. 
And the isomorphism classes of the Heisenberg subalgebras are in one-to-one 
correspondence with the conjugacy classes of the finite Weyl group |KP] , In 
this article, we choose the regular conjugacy classes of W(A n ) and consider 
their associated hierarchies, called type I hierarchies [GHMJ. In the notation 
of [DFj . the regular conjugacy classes of W(A n ) correspond to the partitions 
(p, . . . ,p) and (p, . . . , p, 1). For the derivation of fourth order Painleve sys- 
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Lie algebra Partition Painleve system 





(2,2) 


Pvi 




(3,1) 




A™ 


(4,1) 






(2,2,1) 


system (JUJ) with fll.2j) 




(3,3) 


system (pJJ) with (|L2J) 



Table 2: List of Painleve systems obtained in this article 



terns, we investigate the partitions (2, 2), (3, 1), (4, 1), (2, 2, 1) and (3, 3); see 
Table 2. 

One of impotant results in this article is the derivation of a new Painleve 
system. It is expressed as a Hamiltonian system 

dqi dH c dpi dH c 

H = W^ -dt = -^a- (Z = 1 ' 2) ' (L1) 
with a Coupled Hamiltonian 

t(t - l)H c = Hyi(qi,pi; a 2 ,a + a 4 ,a 3 + o 5 - 77,77011) 

+ Hyi(q 2 , p 2 ; "o + "2, "4, «i + a 3 - 77, 770:5) (1.2) 
+ (<?i -*)(?2- 1) {(ffiJPi + «i)p2 +Pi(P2Q2 + "5)} • 

This system admits affine Weyl group symmetry of type A^; see Appendix 
iBl On the other hand, the system ?i D 6 admits one of type The 
relation between those two coupled Painleve VI systems is not clarified. 

Remark 1.1. For the partition (1,...,1) of n + 2, we have the Gamier 
system in n-variables |KK2j . Also for each partition (5,1) and (2,2,2), a 
system of sixth order is derived; we do not give the explicit formula here. 
Thus we conjecture that any more fourth order Painleve system do not arise 
from the type I hierarchy. 

This article is organized as follows. In Section [2j we recall the affine Lie 
algebra of type An and realize it in a flamework of a central extension of the 
loop algebra sl n+ i[z, z~ x \. In Section [3], the Heisenberg subalgebra of s[ n+ i 
corresponding to the partition n is introduced. In Section HI we formulate the 
Drinfeld-Sokolov hierarchies and their similarity reductions. In Section Eland 
El the Painleve systems are derived from the Drinfeld-Sokolov hierarchies. In 
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Apgendix O we give explicit descriptions of Lax pairs by means of a bases 
of sl n+ i. In Appendix El we discuss a group of symmetries for the system 
(HU) with (PZ2J). 

2 Affine Lie algebra 

In this section, we recall the affine Lie algebra of type An and realize it in 
a flamework of a central extension of the loop algebra sl n +i[,2, z~ 1 ]. 

In the notation of [Kacj . the affine Lie algebra g = g(An^) is generated 
by the Chevalley generators e^, fi,a^ (i = 0, . . . , n) and the scaling element 
d with the fundamental relations 

(ade l ) 1 - a u(e,) = 0, (ad/,) ! «'•••■(/,.) =0 (i ^ j), 

[ay, a)} = 0, [a 4 v , e,-] = a id ej, [a 4 v , = -<kjfj, [e<, = ^-c^, 

[d, a 4 v ] = 0, [d, ei] = 5i i0 e , [d, /J = -<Wo, 

for 2,j = 0, . The generalized Cartan matrix A = [ajj]"._ for g is 

defined by 

a M = 2 (i = 0, . . . ,n), 

a i,i+l — a n,0 = a i+l,i = a 0,n = — 1 (z = 0, . . . , 72 — l) , 

djj = (otherwise). 

We denote the Cartan subalgebra of g by 

fj = Ca v © Ca\ © • • • © Ca w n © Cd = fj' © Cd. 

The normalized invariant form (-|-):gxg— >-Cis determined by the condi- 
tions 

(at\a)) = a i:j , (e t \fj) = 6 id , (a^ej) = (a^\fj) = 0, 
(d|d) = 0, (d\a%) = 6 0tj , (d\e 3 ) = (d\fj) = 0, 

for i, j = 0, . . . , n. 

Let n+ and n_ be the subalgebras of g generated by and fi (i — 0, . . . , n) 
respectively. Then the Borel subalgebra b + of g is defined by b + = I) © n + . 
Note that we have the triangular decomposition 

g = n_ © f) ©n+ = n_ © b+. 

The corresponding infinite demensional groups are defined by 

iV± = exp«), tf = exp(f>'), B + = HN + , 
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where n± are completions of n± respectively. 

Let s = (s , . . . , s n ) be a vector of non-negative integers. We consider a 
gradation q = fceZ gfc(s) of type s by setting 

degf) = 0, degd = Si, deg/i = -s* (i = 0,...,n). 

With an element i?(s) G f) such that 

(■&(s)\ a y) = Si (i = 0,...,n), 

this gradation is defined by 

9fc(s) = {ieg| [tf(s),i] = b} (fceZ). 

We denote by 

0<fc( s ) = 0z( s ), 0>fc( s ) = 0z( s )- 

Note that a gradation s p = (1, . . . , 1), called the principal gradation, implies 

0<o(s P ) = n_, 0>o(s p ) = b+. 
The affine Lie algebra can be identified with 

sl n+1 = sl n+1 [z, z' 1 ] © Cz-^j- © CK, 

where K is a canonical central element. In a flamework of sl n+ i, the Chevalley 
generators and the scaling element are given by 

£i = E i>i+ i, fi = E i+lji , Qt( = E iti — E i+lji+1 (i — 1, . . . , n), 

e — zE n+li i, fo = z 1 E^ n+1 , «q = E n+liH+ i — E ±il + K, d = z ~^i 

where E it j = (^i,r^,s)"^ =1 are matrix units. The Lie bracket is defined by 

[z k X, z l Y] = z k+ \XY - YX) + k5 k+lfi tr(XY)K, 
where X, Y e sl n+1 . 
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3 Heisenberg subalgebra 



For type An\ the isomorphism classes of the Heisenberg subalgebras are in 
one-to-one correspondence with the partitions of n + 1. In this section, we 
introduce the Heisenberg subalgebra of sl n+ i corresponding to the partition 
n following the manner in [KLj . 

Let n = (m, ri2, . . . ,n r , n r+ i, . . . , n s ) be a partition of n + 1 with ni > 
U2 > • • • > n r > n r+ i = . . . = n s = 1. Consider a partition of matrix 
corresponding to n 



B21 B22 



Bu 
B2S 

B ss 



B s i B s2 ■ 

where each block is an x rij-matrix. With this blockform, we define 

,r) by 



matricies G $tn+i (i = 1, 
"O ••• 



A; 



o 



Bi 



1 

1 



z 



diagonal matricies ifj G sl n+ i (i = j, . . . , s — 1) by 

fl3 = n i+1 2 ! - 1 (Aj)^-n^- 1 (A; +1 ) n ' +1 , 
and a diagonal matrix 77^ G sl n+ i by 

= ^-diag(ni - 1, n* - 3, . . . , -n* + 1) (i = 1, . . . , r). 



Denoting the matrix 77^ by diag(r^, rj' 2 , . . . , ?7^ +1 ), we consider a permuta- 



tion 
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*7i V'2 
rji r)2 



Vn+l 
Vn+l 



such that rji > rj2 > ■ ■ ■ > Vn+x- This permutation can be lifted to the 
transformation a acting on the matricies A^ and ifj. We set 

h i = <r{M i ) (i = l,...,r), H J= a(H') (j = 1, . . . , s - 1). 
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Then the Heisenberg subalgebra of sl n+ i corresponding to the partition n is 
defined by 

r s—l 

* n = ca?©0 C^-eCK 

i=i feez\niZ i=i fcez\{o} 

Let N' n be the least common multiple of n\, . . . , n s . Also let 

N' n ifN' n (- + -) e2ZforV(i,j) 
A n =< \rii njj 

2N' n otherwise 
We consider a operator corresponding to n 

where ^ n = cr(r/^). Then the operator $ n implies a gradation s = (s , • • • , s n ) 
as follows: 

i?n(e») = Siti (i = 0, . . . ,n). 
Note that the Heisenberg subalgebra s n admits the gradation s defined by 



4 Drinfeld-Sokolov hierarchy 

In this section, we formulate the Drinfeld-Sokolov hierarchy associated with 
the Heisenberg subalgebra s n . Its similarity reduction is also formulated. 

Let Aj and Hj be the generators for s n given in Section [3j Introducing 
time variables (i = 1, . . . , r; k G N), we consider an ALi? + -valued function 
G = (j^i,!, ti,2, • • •) defined by 

(r oo \ 
i=l k=l J 

Here we assume the n-reduced condition 

t< ({ = (z = l,...,r;£ e niN). 
Then we have a system of partial differential equations 

d hk (G) = h k l G (i = l,..,r;fc6N), (4.1) 
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where di ik = d/dt itk Via the trianglar decomposition 

G = W~ X Z, W e AL, Z G B+, 

the system ( 14.1ft implies a Sato equation 

d hk {W) = B iM W -WA* {i = l,...,r;keN), (4.2) 

where i?^ stands for the 6 + -component of WAfW' 1 . The compatibility 
condition of (14.21) gives the Drinfeld-Sokolov hierarchy 

[d iik - B ijk , d jtl - BJ = (i,j — l,...,r;k,le N). (4.3) 

Under the system (14.21) . we consider an equation 

r oo 

(# n - adp)(W) = J^S^^M^)' ( 4 - 4 ) 

i=i fc=i 

where cfj = degAj (z = 1, . . . ,r) and p = X^=i PjHj- Note that each p, is 
independent of time vatiables ti >k . The compatibility condition of ( 14.21) and 
(g3D gives 

[K-M,d hk -B hk } = (i = l,...,r;fceN), (4.5) 

where 

r oo 

M = p + 2^ dikt ijk B itk . 

i=l k=l 

We call the systems ( 14.31) and (14.51) a similarity reduction of the Drinfeld- 
Sokolov hierarchy. 

Remark 4.1. The similarity reduction can be regarded as the compatibility 
condition of a Lax form 

<),j.^<) B if *tt (i=l,...,r;keN), = 
Here an N__B + -valued function $f is given by 

tr oo \ 
i=i fc=i / 

5 Derivation of Coupled Pyi 

In this section, we derive the Painleve system ( II. ip with ( 11.21) from the 
Drinfeld-Sokolov hierarchies for S(3,3) and 5(2, 2,1) by similarity reductions. 
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5.1 For the partition (3,3) 

At first, we define the Heisenberg subalgebra S( 3)3 ) of q(A^). Let 

Ai = ei )2 + e 3j4 + e 5i0 , A 2 = e ,i + e 2 , 3 + e 4j5 , #1 = aii + a 3 + aig , 
where 

e ii,i2,...,i n -i,in ade^ade^ . . . adej n _ 1 (ej n ). 

Then we have 

s (3,3)= CA^© CA^ffi CJH X @CK. 

k£Z\3Z keZ\3Z keZ\{0} 

The grade operator for S( 3)3 ) is given by 

0(3,3) = 3 [z^j- + adr7 (3i3) 



where 

1 



^(3,3) = ~K + 2c# + 2c$ + 2c# + c£). 
It follows that S( 3j3 ) admits the gradation of type s = (1, 0, 1, 0, 1, 0), namely 

%3)(e i ) = e J (i = 0,2,4), (3 ,3)(ei) = (j = 1,3,5). 
Note that 

g>o(l, 0, 1, 0, 1, 0) = C/i © C/ 3 © C/ B © f>+. 

We now assume £2,1 = 1 and ti t k = ^2,fc = (A; > 2). Then the similarity 
reduction (14.31) and (14.51) for S( 3)3 ) is expressed as 

[0(3,3) -M, ft,! -.81,1] =0. (5.1) 

Here the b + -valued functions M and _Bi 5 i are defined by 



M = 0( 3 ,3)(^)W 1 + ^(pi^i + ti,iAi + A 2 )H/ 
= d 1A (W)W~ 1 + W^W' 1 , 



(5.2) 



where W is an AL-valued function; its explicit formula is given below. In the 
following, we derive the Painleve system from the system (15. ip with (15.21) . 
We denote by 



W = exp(u;o) exp(u;_i) exp(u; 



<-ij 
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where 

UJ = -U>i/i - - w 5 f 5 , 

U-l = -WqJq - W 2 f 2 - W 4 f 4 - W0,l/0,1 - W lj2 fl,2 ~ ^2,3/2,3 - ^3,4/3,4 

— ^4,5/4,5 ~ w 5,oh,o — ^1,2,3/1,2,3 ~~ ^3,4,5/3,4,5 — w 5,0,l/5,0,l; 

and w<_i G g<_i(l, 0, 1, 0, 1, 0). Then the b + -valued function M is described 

as 

M = Ko«o + K l a l + ^2«2 + K 3 a 3 + ^4^4 + ^5^5 ~ (^1,1^5 ~ Wi)e + tp\t\ 

- - w 3 )e 2 + v? 3 e 3 - (ti,iw 3 - u> 5 )e 4 + y3 5 e 5 + t^Ai + A 2 , 

with dependent variables 

Pi = h,iw 2 - w , ip 3 = t 1A w 4 - w 2 , (f5 = h^wo - w 4 , 
and parameters 

«o = -h, 1^5,0 - u>o,i, «i = ^i,i(wiw 2 - w lt2 ) - (w wi + w ,i) + pi, 

K 2 = -t hl W li2 - W 2 ,3, «3 = t hl (w 3 W 4 - W 3A ) - (w 2 W 3 + IU 2>3 ) + pi, 
K4 = -t hl W 3A - IU 4>5 , K 5 = t hl (w W 5 - W 5fi ) - (w 4 W 5 + IU 4>5 ) + p 1 . 

Note that 

ft,i(«i) = ° (i = 0,...,5). 

We also remark that 

+ W 3 <p 3 + W 5 (f 5 + K - Ki + K 2 - K 3 + K 4 - K 5 + 3pi = 0. 

The b+-valued function Bi :1 is described as 

Bii = UqK + ("Ui + WiXi)a\ + -U 2 tt2 + ( M 3 + ^3^3)« 3 + M4«4 

+ w 5 x 5 a^ - w 5 e + x x e x - w x e 2 + x 3 e 3 - w 3 e 4 + x 5 e 5 + Ai, 



where 

Ul 

u 2 
u 3 



-2wi(pi + W 3 if 3 + W 5 ip 5 - 2kq + 2Ki + K 2 - K 3 + K 4 - K 5 

3^ ' 

- u> 3 y2 3 + 2w 5 <y5 5 - k + Ki - k 2 + k 3 + 2k 4 - 2n h 
3^ : 



W 5 (f 5 + K 4 - K 5 + pi !<Pl + £l,l<P5 + (fi 3 

_ ^1,1^3 + *1,1<^1 + <^5 _ ^,1^5 + ^1,1^3 + <Pl 

X 3 — ~ 73 i ' Xs — ~ ^3 1 • 

l l,l 1 L 1A l 
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Hence the system ( 15 .ip with (15.21) can be expressed as a system of ordinary 
differential equations in terms of the variabes (fi, ip 5 , Wi, w 3 , w 5 ; we do not 
give its explicit formula. 
Let 

wi tfiWsip! w 5 h tl w 3 ip 5 1 

9l = 12 > Pi = o ' <?2 = T , P2 = = , t = -3-. 

tf tl w 3 3 h t iw 3 3 tf -l 

We also set 

1. 1. 

"2 = g(l + «i - 2k 2 + K 3 ), a 3 = -(k 2 - 2k 3 + K 4 ), 

1. . 1. , 

a 4 = -(1 + K3 — 2/«4 + K5), «5 = 77(^0 + ^4 — 2rc 5 ), 



and 



Then we have 



77 = pi + + a 3 + «5j- 



Theorem 5.1. The system ( 15.11) with ( 15.21) gives £/ie Painleve system ( II. ip 
(11.21) . Furthermore, w 3 satisfies the completely integrable Pfaffian equa- 
tion 

t(t- l)^logw 3 = -(qi - l)(qi -t)pi - (q 2 - l){q 2 -t)p 2 

1 

- aiqi - a 5 q 2 + + a 2 - a 3 - a A + 2r))t 

- \{ai + a 2 + 2a 3 - 0:4 - 4?7). 

5.2 For the partition (2, 2, 1) 

The Heisenberg subalgebra £(2,2,1) of g(A^) is defined by 

S(2,2,i)= CA^© CA(;© Cz k H 1 ® Cz k H 2 ®CK, 

k&L\27L keZ\2Z keZ\{0} fcez\{o} 

with 

Ai = e 4i0 + ei )2 ,3, A 2 = e ,i + e 2j3i4 , 

Hi = a( + a£ - c%, H 2 = -0% + c% + 0%. 
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The subalgebra $(2,2,1) admits the gradation of type s = (2, 0, 1, 1, 0) with the 
grade operator 

0(2,2,1) = 4 \ + ad7/(2, 2 ,l)J , 17(2,2,1) = | («! + 2«2 + 2a£ + Q! 4 ) . 

Note that 

0>o(2,O,l,l,O) = C/ 1 ©C/ 4 ©b + . 

We now assume t\ }2 = 1 and = t 2 ^ = (k > 3). Then the similarity 
reduction (14.51) for S( 2 , 2) i) is expressed as 

[0(2,2,1) — M, di t i — B lt i\ = 0, (5.3) 

with 



(5.4) 



M = 0(2,2,1) (WOW -1 + W(pifli + p 2 # 2 + 2ti,iA! + 2A 2 )iy- 1 , 
£ X1 = d hl (W)W~ 1 + WArW- 1 . 

Let 

W = exp(u; ) exp(cu_i) exp(u;_ 2 ) exp(co><_ 2 ), 

where 

= -Wi/i - W4/4, 
w-i = -W2/2 - - 101,2/1,2 - ^3,4/3,4, 

= -W /o - Wo,l/o,l - ^2,3/2,3 - W 4i o/4,0 

— ^1,2,3/1,2,3 — W2,3,4/2,3,4 — ^4,0,l/4,0,l — Wl,2,3,4/l,2,3,4, 

and c^<-2 £ 0<-2(2,0, 1, 1,0). Then the system (15.41) gives explicit formulas 
of M, S11 as follows: 

M = Ko^o + K\Ol\ + k 2 «2 + ^3^3 + k 4 «4 + 2(u>i — ti,iw 4 )e 

+ Vi e i + (^2 - w 1 (p h2 )e 2 + (v?3 + w 4 (p 3A )e 3 + ^4e 4 

+ Vi,2ei, 2 + 2(£i ) iu>i - w 4 )e 2 ,3 - ^3,4e 3 ,4 + 2£i,iAi + 2A 2 , 

-E>i,i = UqK + {u 2 + WiXi)a\ + u 2 a 2 + u 3 a^ + w±x±a\ — w^eo 

093 

+ xiei - WiXi i2 e 2 + 77^ e 3 + ^e 4 + aj 1)2 e li2 - Wie 2 , 3 + Ai, 



where 



V?i = -2w + ti,iW 2 W3 - 2ti, 1^2,3, V?2 = -2U> 3) 4, V?3 = 2*i,ltOi,2 

y? 4 = 2t 1A w + w 2 w 3 + 2w 2 , 3 , <fi,2 = 2t 1)1 w 3 , v?3,4 = -2w 2 , 
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and 



Wxipi + K — K\ + Pi W 4 ip 4 + K 3 — K 4 + pi 
U 2 = — L J U 3 = > 



X\ = 

x 4 = 

Xl,2 



2t 11 2t 11 

(^1,1^1 + V?4)V?3 + (Wj^i + W 4 (f4 + K - Ki + K 3 - K A + 2p 1 )lfi 3A 

2(*?,i - 1 Vs 
2(*?,i - %3 

tUl^l + W4<£> 4 + Kq — «1 + «3 — «4 + 2^1 



^3 

Note that /Co, • • • , «4 are constants. We also remark that 

^2^3,4 + 2( l W 1 (pi + W 4 (p 4 + /t - Ki + K 2 - K 4 + 2p 2 ) = 0, 
^3^1,2 - 2ti 5 i(u>i<^i + W 4 (f 4 + K - K\ + K 3 - K 4 + 2pi) = 0. 

Hence the system (15. 3 p can be expressed as a system of ordinary differential 
equations in terms of the variables (fx, ips, (p 4 , </? 3) 4, wi, w 4 . 
Let 

*1 1^3,4^4 <^3^4 



Qi = , Pi .,, 

^3 4^^3,4 
tl,l<P3,AWl <P3<Pl , ,2 

<12 = , P2 = --r, , t = t lv 

<P3 4*11^3,4 



We also set 



1. . 1. , 

a = -r(2 - 2k + «i + K4), «i = t(«o + «3 - 2«4j, 

1 1 

a 2 = -(1 + k 2 - 2k 3 + « 4 ), a 3 = -(-Ka + k 3 + 2pi - 2p 2 ), 

1. . 1. . 

a 4 = ^(1 + «i - «2 - 2pi + 2p 2 ), a 5 = -(« - 2«i + « 2 ), 

1 . 

77 = -(2/c - 2«i + 2k 3 - 2k 4 + 3pi - p 2 ). 
Then we have 

Theorem 5.2. The system (15.31) with (15.41) gives £/ie Painleve system (II. ip 
(11.21) . Furthermore, </? 3 and y9 3j 4 satisfy the completely integrable Pfaffian 
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equations 

t(t - 1)^ log<^ 3 = -<?i(?i - t)pi - <? 2 (g 2 ~ t)p 2 - ai?i - a 5 q 2 
+ -(1 + 2a 2 - 2a 3 - 2a A - 2a 5 + &q)t 
- i(l + 2a 2 + 2a 3 - 2a 4 - 2ct 5 + 2rj), 
t{t - l)-^logy? 3 , 4 = ~{qi - t)p! - {q 2 ~ t)p 2 - r\. 

6 Derivation of other systems 

In this section, we discuss the derivation of the Painleve systems for 5(2,2), 
S( 3) i) and 5(4,1) by a similar manner as in Section El 

6.1 For the partition (2, 2) 

The Heisenberg subalgebra S( 2 ,2) of g(A^) is defined by 

3(2,2) = CA^© CA*© CJH X @CK, 

k&Z\2Z keZ\2Z feez\{o} 

with 

Ai = ei, 2 + e 3 , , A 2 = e ,i + e 2 , 3 , #i = a( + a\. 

The subalgebra S( 2 ,2) admits the gradation of type s = (1,0,1,0) with the 
grade operator 

#(2,2) = 2 (z-^ + a <%2,2)^ , ?7(2,2) = + 2«2 + 0%) . 

Note that 

>o(l, 0, 1, 0) = C/i © C/ 3 © b+. 

We now assume ti, 2 = 1 and = t 2 ,k = (k > 3). Then the similarity 
reduction (14.51) for 5(2,2) is expressed as 

[#(2,2) — M, — .Bi,i] = 0, (6.1) 

with 

M = d^iWW- 1 + W(/>i#i + t ltl A a + A 2 )W~\ 
= d 1>1 (W)W- 1 + WA 1 W~ 1 . 
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Let 

W = exp(o;o) exp(u;_ 1 ) exp(c<j < _ 1 ), 

where 

uj = -wifi - 1U3/3, 

W-l = -W Q f Q - W 2 f 2 - W , 2 /o,2 - ^1,2/1,2 

— ^2,3/2,3 — ^3,o/3,0 — ^l,2,3/l,2,3 — W3,0,l/3,0,1, 

and co><_i G g<_i(l,0,l,0). Then the system ( 16. 2ft gives explicit formulas of 
M, Bi t \ as follows: 

M = K aQ + Kia( + K 2 a 2 + K 3 a^ + {w\ - t 1:1 w 3 )e 
+ Lfitx + (w 3 - tx,iwi)e 2 + (f 3 e 3 + tx,xM + A 2 , 
Bi } i = u K + uia\ + u 2 a2 + tf3^3«3 + ^160 + ^1^1 + w 3 e 2 + #3^3 + Ai, 



where 
and 



<Pi = h tl w 2 - w , (p 3 = tx,iw - w 2 , 



Wx Ko - «1 + Pi ^3^3 + «2 - «3 + Pi 

Mi = -; — ^3 ; , m 2 - 



Xx 



£1,1 £1,1 £1,1 

(tl.lWl - W 3 )V?3 - («0 - «1 + «2 - ^3 + 2pi) 



(*?,! - Ityl 

Note that k ; • • • > K 3 are constants. We also remark that 

Wx(fX + W 3 ip 3 + K - Kx + K 2 - K 3 + 2pi = 0. 

Hence the system ( 16. ip can be expressed as a system of ordinary differential 
equations in terms of the variables <p 3 , Wx, w 3 . 
Let 

Wxlf 3 t 1A W 3 2 

2ti 1 Wx 



We also set 



a = -(1 + ki - 2k 2 + k 3 ), ai = ^(-^i + K 3 + 2pi), 

1 . 

«2 = to + «2 - 2/t 3 , a 3 = -(1 - 2k + Kx + K 3 ), 

1 . 

«4 = 2^ Kl + K 3 - 2pi), 
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and 

a = otQ, b — a^, c = a^, d = ct 2 (ai + a 2 ). 

Then we have 

Theorem 6.1. The system (16.1 j) wift (16. 2p gives the sixth Painleve equation. 
Furthermore, W\ satisfies the completely integrable Pfaffian equation 

*(* ~~ l °s w i = ~{q -!)(?- t)p - a 2 q 

at 

1 1 

+ -(1 + 2qi - 2ct 3 - 4a 4 )t - -(1 - 2oti - 4a 2 - 2a 3 ). 

6.2 For the partition (3, 1) 

The Heisenberg subalgebra £(3,1) of g(Ag ) is defined by 

s (3,d= ca^© Cz fc #!®os:, 

A:6Z\3Z fc6Z\{0} 

with 

Ai = e + ei + e 2>3 , ifi = a) 7 + 2a^ - a^. 

The subalgebra 5(3,1) admits the gradation of type s = (1,1,0,1) with the 
grade operator 



0(3,1) = 3z [Jj- + ad^ijj , 77(3,1) = ^(a^ + a 2 + a%). 
Note that 

g>o(i,i,o,i) = c/ 2 eb+. 

We now assume £i, 2 = 1 and ti t k = (k > 3). Then the similarity 
reduction (14.51) for 5(3,1) is expressed as 

[0(3,i) — M, 9i,i — B 1} x\ =0, (6.3) 

with 

M = tfo.DW^- 1 + W(p 1 H 1 + ti,aAi + 2Kl)W~\ 
Bi,i = di t i(W)W~ 1 + WA1W" 1 . 

Let 

W = exp(-w 2 / 2 ) exp(tu_i) exp(cj_ 2 ) exp(cj<_ 2 ), 
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where 

w_i = -w f - Wih - w 3 f 3 - w lj2 f 1>2 - ^2,3/2,3, 

1^-2 = — ^0,1/0,1 — ^3,0/3,0 — ^0,1,2/0,1,2 — ^1,2,3/1,2,3 — ^2,3,0/2,3,0, 

and cj<-2 £ 0<-2(l> 1,0, 1). Then the system (16 .4p gives explicit formulas of 
M, B11 as follows: 

M = k «o + KiQti + K2«2 + K3«3 + <^oeo + (<Pi + w 2 </?i )2 )ei 

+ V?2e 2 + (<^3 - w 2 if 2t3 )e 3 + Vi,2ei,2 + ^2,362,3 - 2w 2 e 3i0 + 2A\, 

= u 3 K a H aj H — a 2 + —^2 ~ w 2 e 3 + A x , 

where 

ip = 2w 1 + 2w 2 ,3 + *i,i, = -2u> - 2w 2 , 3 + 
V?2 = (wo - 2wi + t 1A )w 3 - 2w 3t0 , ^3 = 2101,2, 
(p 1>2 = 2w 3 , <p 2t 3 = 2w Q — 2w 1 +t lt i. 

Note that k,q, . . . , K4 are constants. We also remark that 

2w 2 ip 2 - ^3^1,2 = 2(k 2 - K3 - 3pi), <p + <Pi + ^2,3 = 3*1,1. 

Hence the system (16. 3 p can be expressed as a system of ordinary differential 
equations in terms of the variables <p , ipi, <p 2 , <pi j2 , u> 2 - 
Let 

_ w 2 cp lj2 _ 2ip 2 _ <pi _ _¥o_ f _ vj^i 

a/6 v^V 9 !^' v^6' a/6' 2 



We also set 



1. 1. 
"i = g(«2 - «3 - 3pi), a 2 = g(«i - 2k 2 + K3), 

1. .1. , 

«3 = g(l + ^0 - 2«i + K 2 ), « 4 = -(1 - 2/€ + Kl + K3J 



Then we have 

Theorem 6.2. TTie system (16.31) wi£/i (16.41) gwes t/ie Painleve system H. A * > . 
Furthermore, <pi >2 satisfies the completely integrable Pfaffian equation 

d , 2 

— log ^1,2 =Pl +P2 - 

at 3 
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6.3 For the partition (4, 1) 

The Heisenberg subalgebra 5(4,1) of d(A^) is defined by 

5 (4,i)= CA^© Cz fc Fi®OsT, 
fcez\{o} 



with 

Ai = e + ei + e 4 + e 2 ,3, H 1 = a( + - 20:3 - . 

The subalgebra 5(4,1) admits the gradation of type s = (2, 2, 1, 1, 2) with the 
grade operator 



0(4,1) 

Note that 



8 + a d^(4,i)^ , 77(4,1) = ^(3«i + 4«2 + 4«3 + 3«4). 



> o (2,2,l,l,2) = b + . 

We now assume £12 = 1 and £1,*. = (k > 3). Then the similarity 
reduction (14.51) for S(4,i) is expressed as 

[tf (4jl) -M,d hX -B 1;1 ] =0, (6.5) 



with 



M = ^ i 4,i){W)W- 1 + + 2£i,iAi + 4A?)W _1 , 

B 1A = d hl (W)W~ 1 + Wk x W x . 



(6.6) 



Let 



where 



W = exp(u;_i) exp(cj_2) exp(u;_ 3 ) exp(co>_ 4 ) exp(co , < _ 4 ), 
w-i = -W2/2 - W3/3, 

W_2 = -W O f - W-ifi - W 4 f 4 - ^2,3/2,3, 
W_ 3 = -^1,2/1,2 - ^3,4/3,4, 

w -4 = — Wo,i/o,l — ^4,o/4,0 — ^l,2,3/l,2,3 — ^2,3,4/2,3,4 ) 

and dJ<_4 G g<_4(2,2, 1, 1,2). Then the system (16.61) gives explicit formulas 
of M, as follows: 

M = /t ao + Kia\ + K 2 a2 + ^ctg + K^otl + <^oeo + Vi e i 

+ ^2e 2 + ^3e 3 + <^4e 4 + <Pi,2ei )2 + y?2,3e 2 ,3 + y?3,4e 3 ,4 + 4A?, 
d ^ 1 v , Vo- 2£i 1 v v v ipi 2 (^3,4 « 

#1,1 = M 4 A + M «o H 7 a l + M 2a 2 + M 3« 3 + ^p e 2 + ^p e3 + Al > 

18 



where 

y? = 4u>i - 4u? 4 + 2*1,!, y?i = -4w + 2w 2 w 3 - 4w 2 , 3 + 2*1,1, 

ip 2 = -2(2wx -w 4 - *i,i)w 3 - 4:W 3A , (p 3 = 2(w! - 2w 4 - t 1A )w 2 + 4wi, 2 , 

Vl,2 = 4W 3 , V?2,3 = -4^1 + 4U? 4 + 2*1,1, v9 3i4 = -Aw 2 , 

and 

64* l5 iM = (y? - 4*i,i)(4</?i + ^1,2^3,4) + 4 </W3,4 
+ 16*11 + 16(« — «i + «2 — «4 — 2pi), 

64*i,iM2 = ^0(4^1 + </?i,2V3,4) + 4(V?2 - *1, 1^1,2)^3,4 

- 16*1! + 16 («o - «1 + K 2 — «4 — 2 Pi), 
64*i i iw 3 = y? (4y?i + ^1,2^3,4) + 4y?2<£3,4 

- 16*^ + 16 (« - «i + «2 - K 4 - 2pi). 

Note that Kq, . . . , K4 are constants. We also remark that 

Oo - 4* 1> i)y9i i 2V?3,4 + 4:^1,2 + 4V?2<^3,4 = 16(-« 2 + k 3 + 4pi), 
4<£i + 4y2 4 + ^1,2^3,4 = 16*1,1, V?0 + V?2,3 = 4*1,1- 



Hence the system (16. 5 j) can be described as a system of ordinary differential 
equations in terms of the variables </?o, V^i? ¥>2, ^1,2, ^3,4- 
Let 

fo *i,iV 9 i 
gi = 4*V Pl = — 

V?o ^2 _ *i, 1^1,2^3,4 _ 

g2 "4^ + *^' P2 " 32 ' *-~T- 

We also set 

1. 1. 

«1 = o(2 - 2k + Ki + K 4 ), « 2 = o(2 + K - 2«i + K 2 ), 
o o 

1. 1. 

a 3 = o I 1 + Kl ~ 2/?2 + K3 )' " 4 = o ( K2 _ K 3 - 4pi), 
o o 

"5 = J(l ~ K 3 + «4 + 4pi). 

o 

Then we have 

Theorem 6.3. The system (16.51) u>z*/i (16.61) gives the Painleve system Tt A $ \ 
Furthermore, <pi i2 satisfies the completely integrable Pfaffian equation 

d . 3 1 + 2ai + 2a 3 + 2a 5 
t-^ log ^1,2 = -qiPi ~ Q2P2 + tq 2 - -* . 
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A Lax pair 



In the previous section, we have derived several Painleve systems. Each 
of them can be regarded as the compatibility condition of a Lax pair (see 
Remark |4~T|) 

— = BV, = M*. 

In this section, we give an explicit description of M and B by means of a 
bases of s[„ + i[z, z~ l \. 



A.l For the partition (2,2) 
The matrix M is described as follows: 



M 





Viz 
Wx(l - q)z 



2(gp+ai+«2) 



z 



where Ei, ... ,£4 are linear conbinations of ao, 
pressed as follows: 



wi(q-t) 
Vi 

£3 







1 

2y/tp 
£4 



, 0J3. The matrix B is ex- 



B 



2y/i 



Ui - u 


X\ 


1 








u 2 - U\ 


x 2 





z 





u 3 - u 2 




X Z 








Uq - 



Each component of B is rational in q, p, Wi, see Section UTTl The compatibility 
condition of this Lax pair gives the sixth Painleve equation. 

Remark A.l. It is known that Pyi arises from the Lax pairs of two types, 
2x2 matrix system [IKSY] and 8x8 matrix system [NY3J. The result of 
this section means that we derive a new Lax pair for Py\. 



A. 2 For the partition (3, 1) 

The matrix M is described as follows: 



M 



£1 
2z 

-VQp 2 z 



VQ(l2 - qi) 
£2 


2z 



¥1,2 

V6>Pl,2Pl 
2 

£3 





V&{P2 -qs — t) 

6{9i(pi+P2-g2-*)-Qi} 
VI, 2 

£4 
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where ex, ■ ■ -,£4 are linear conbinations of «o; 
pressed as follows: 



, a 3 . The matrix B is ex- 



B 



-2 



Ux — u 1 

u 2 — U\ 

z 





x 2 1 

W 3 - U 2 £3 

M - U 3 



Each component of £> is rational in qx,Pi,Q2,P2, l Pi,2] see Section ltT2l The 
compatibility condition of this Lax pair gives the Painleve system Ti^ . 

Note that the system TC A * also arise from the Lax pair by means of 5 x 5 
matricies |NYlj . 



A. 3 For the partition (4, 1) 

The matrix M is described as follows: 



M 



ex 



4z 



8pi 



-2t 



c 2 




4z 



v / =2t<^i, 2 (g 2 -gi) 4 v / ^2t(l-gi) 

32{(l-g2)p2-«4} 
VI, 2 



£3 




4 

32p 2 









£4 





V- 2*931, 2 
8(pi+p 2 +t) 



£5 



where ex, ■ ■ .,£5 are linear conbinations of cto, 
pressed as follows: 



5 



Ml — Mo 1 

U 2 — U\ X 2 

u 3 — u 2 



z 



, 04. The matrix B is ex- 





1 

x 3 

M 4 — U 3 1 

Uq — U4 



Each component of 5 is rational in q 1 ,pi,q 2 ,p 2 ,<p 12 ; see Section ItjUl The 
compatibility condition of this Lax pair gives the Painleve system Ti,^ 5 . 

Note that the system H, A $ also arise from the Lax pair by means of 6 x 6 
matricies |NYlj . 
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A. 4 For the partition (2,2,1] 



The matrix M is described as follows: 

4V^IP3, 4P2 8y / I(giPi+g2P2+^) 

¥>3 

¥>2 



M 



where £1, 







2^/tz 

2^3(91-92) , 



V3 






2z 









\/*¥>3,4 

. , £5 are linear conbinations of «o, 



2 V* 

2y3(tg2-<yi) 

<p:i(t-qi) 
s 




, CU4 and 



^2 



8{(g 2 - + ?2P2 + 77) + a 3 } 



^3,4 



The matrix .B is expressed as follows: 



B 



2Vi 



Ui - u 




£1,2 


1 








u 2 — U\ 


X 2 


£2,3 











u 3 - u 2 


£3 





z 








Ui - u 3 


£4 


X Z 











u - 





2 

^3,4 

4t<l3,4Pl 
^3 



U4 



Each component of B is rational in qi,pi, q2,P2, f3, ^3,4; see Section 15721 The 
compatibility condition of this Lax pair gives the system (11.11) with (11.21) . 



A. 5 For the partition (3, 3) 

The matrix M is described as follows: 







3t 2 / 3 pi 

W3 


1 

(1/3 
















£2 


t 


1 








M = 










£3 




3(giPi+92P2+r)) 
U13 

Si 


1 

t l/3 

^3(92-1) 

t l/3 




1 

















3^/ 3 p2 
W3 




W3(<?l-l?2) „ 

L t 2 / 3 


z 











£ 6 



where ex, . . . ,£g are linear conbinations of ao> 
pressed as follows: 



a 5 . The matrix I? is ex- 



B 



3t 4 / 3 



Ml - U 


X\ 


1 














u 2 — Ui 


x 2 

















u 3 - u 2 


X3 


1 














Ui - u 3 


X4 





z 











u 5 — M 4 


x 5 


x z 














u - 



«5 
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Each component of B is rational in qi,Pi,q2,P2,u ] 3 ; see Section UTTl The 
compatibility condition of this Lax pair gives the system (j 1.1ft with (11.21) . 



B Affine Weyl group symmetry 

The system (II. ip with (11.21) admits affine Weyl group symmetry of type 
. In this section, we describe its action on the dependent variables and 
parameters. 

Let rj (z = 0, . . . , 5) be birational canonical transformations defined by 

a — > — «o, Oi\ — > cto + Qfi, as — > ao + as, 
Pi^Pi , p 2 ^P2 , 

qi - ?2 92 - gi 

for z = 0; 

a — > «o + «i, «i — >■ — «i, «2^ai + a2, <Zi — >• ?i H , 

Pi 

for z = 1; 

« 2 



ai— >ai + a2, a 2 ^ — a 2 , a 3 — > a 2 + «3, pi — > pi — 



gi - 1 
for z = 2; 

a 2 — ► a 2 + a 3 , a 3 — > — a 3 , a 4 — > a 3 + a 4 , 

a 3 gi a 3 pi 
qi -> ?i H ; ; — , Pi -> Pi 



giPi + <?2£>2 - «3 + v qxPi + q2Pi + v 

g 2 — *■ ?2 H , £>2 — ► P2 , 

giPi + ^2^2 - a 3 + r? giPi + g2j5 2 + ^ 

for i = 3; 

a 3 — > a 3 + CK4, a 4 — > — a 4 , a 5 — ► a 4 + 05, P2 ^ P2 — 



q-2 



for z = 4; 



a 5 

"o — > a + a 5 , a 4 — > a 4 + 05, a 5 — > -«5, <?2 — ► ?2 H , 

P2 

for z = 5. Then the system (1 1.1 ft with (11.2ft is invariant under the action of 
them. Furthermore, a group of symmetries (tq, . . . ,rs) is isomorphic to the 
affine Weyl group of type A§ . 
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The group of symmetries defined above arises from the gauge transfor- 
mations 



ri(tt) = exp ( ^-ft ) $ (z = 0,...,5), 



where 



W<?2 - <?i) t 2/3 Pi w 3 (qi - t) 
^° = 57273 ' V* 1 = ' ^ 2 = 57 ' 

+ Q2P2 + V w 3 (l-q 2 ) t 1 / 3 p 2 

y?3 = , <^4 = — 5-77^ — , <ps = , 

for the Lax pair of Appendix IA.51 Note that those transformations are de- 
rived from the following ones |NY2j : 



n {G) = Gexp(-e i )exp(/ i )exp(-e i ) (i = 0,...,5), 
where G is an iV_I? + - valued function given in Section HI 
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